The vortex core shape in the three dimensional Heisenberg magnet is essentially influenced by a surface anisotropy. We predict that depending of the surface anisotropy type there appears barrel-or pillow-shaped deformation of the vortex core along the magnet thickness. Our theoretical study is well confirmed by spin-lattice simulations.
Introduction
Among different nontrivial magnetization distributions in the nanoscale, magnetic vortices attract a special interest because the vortex configuration can form a ground state in nano-and micron-sized ferromagnets. It takes place when the sample size exceeds the single-domain size due to the competition between exchange field and a stray one in magnets with small magnetocrystalline anisotropy [1, 2] . Nontrivial topological properties of vortices [3] attract interest to their study with perspective application to the high-density magnetic storage devices, nonvolatile magnetic vortex random-access memories [2, 4] .
In common with stray field effects which favour the vortex configuration, the vortex can form the lowest energy state in magnets with a surface anisotropy [5, 6] . Such anisotropy, which always appears in real samples, is originated from the symmetry breaking for the boundary sites of the lattice and can result in the specific uniaxial singleion anisotropy of different sings [5, 7] . In the disk-shaped magnets the edge surface anisotropy can pin the magnetization along the border in the circular, i.e. in the vortex, configuration [5] . Similarity between the effects of the stray field and the surface anisotropy is not casual: Effective surface anisotropy in thin nanomagnets is known to be induced by the dipolar interaction [8, 9] .
In this work we study analytically and numerically the influence of the single-ion uniaxial surface anisotropy of different types, easy-surface (ES) and easy-normal (EN), on the three-dimensional (3D) vortex shape for the Heisenberg magnet. We show that the presence of the surface anisotropy breaks the symmetry of magnetization structure in the axialẑ-direction, which naturally leads toẑ-dependence of the vortex core width: there appears the barrel-and the pillow-deformation of the core for the ES and EN anisotropies, respectively.
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The model
The model we consider is a ferromagnetic system, described by the classical Heisenberg Hamiltonian
where J > 0 is the exchange integral, S is the length of classical spin, m n is the normalized magnetic moment on a 3D site position n, the 3D index δ runs over the nearest neighbours, and H an is the anisotropy part of the Hamiltonian. We take into account the bulk on-site anisotropy with the constant K > 0 (easy-plane anisotropy) and the surface one with the surface anisotropy constant K s [7, 10] 
where (ρ, χ, z) are the cylinder coordinates. In terms of the angular variables the boundary-value problem (4) for the disk-shaped sample has the following form:
The form of boundary conditions determines possible minimizers. One can see that the boundary-value problem (6) has the vortex-like stationary solution with
To satisfy the boundary condition (6e), the value of the constant ϕ 0 = ±π/2 for κ > 0 (ES magnets) and ϕ 0 = 0, π for κ < 0 (EN magnets). The simplified version of the boundary-value problem (6) with θ = π/2 was considered in Refs. [5, 13, 14] : Planar vortices with cos θ = 0 and φ = χ + ϕ 0 were shown to be metastable states in the disk-shaped system.
Below we discuss the 3D boundary-value problem (6) . In this case the nonplanar vortex with z-dependence of the polar angle appear:
The typical scale of the θ-distribution is determined by the magnetic length . Supposing that R, we can replace the boundary condition (6d) by ∂θ ∂ρ
The problem (6) is the nonlinear boundary-value problem for the partial differential equation for the function (7b). To simplify the analysis we use the variational approach with Ansatz-function
This function is the generalization of the well-known Feldtkeller Ansatz [1, 15] , originally used to describe the structure of the vortex in thin films. However in contrast to [1] our reduced vortex core function w(z) is a variational function. Using Ansatz (9) one can write down the energy in the form
, where the first term E 0 is independent of the z coordinate, the second term E [w] contains terms both due to the volume contribution as due to the surface anisotropy, and ζ(3) is the Apéry's constant, see Appendix A for details
Here the prime denotes the derivative with respect to dimensionless thickness coordinate, Now we are able to calculate the equilibrium vortex width varying the functional (10), which results in the following boundary-value problem:
Note that without the surface anisotropy (11b) takes the form of Neumann boundary conditions, w (η) η=±λ = 0, hence the problem (11) has the only constant solution w(η) = 1, which is the reduced core width for κ = 0. One can easily analyze (11) in the case of weak surface anisotropy, when |κ| 1. In this case the value of normalized vortex width w is close to unity, hence w(η) = 1 − x(η), where |x(η)| 1. Below we verify this assumption by comparison with simulations. Now by linearizing the Eq. (11a) with respect to x with account of Robin boundary conditions (11b), one can calculate w(η)
One can see that due to the surface anisotropy the vortex core width varies with z coordinate and its shape is dependent on the sign ofκ, i.e. the type of the surface anisotropy.
Typical results for the z-dependence of the vortex core width, w(η) are shown in the Fig. 1 : the vortex core becomes barrel-shaped for ES surface anisotropy (κ > 0) and the pillow-shaped for EN one (κ < 0). Numerically calculated vortex core profile as solution of (11) is plotted by solid curves for different values of surface anisotropy constants. One can see that the analytically calculated profile (dashed curve ES1) agrees well with numerical calculations.
Vortex core structure: spin-lattice simulations
To verify our predictions about the 3D shape of the vortex numerically we simulate a 3D magnet with a simple cubic lattice and the surface anisotropy using in-house developed spin-lattice simulator SLaSi [16]. The system is described by the discrete Landau-Lifshitz-Gilbert equations for the Hamiltonian (1)
where τ = KSt/ is the dimensionless time, H = Ha 3 /(KS 2 ) is the dimensionless energy, is the Plank's constant, ε is the Gilbert damping, and n the 3D index running over spin lattice. 1 We model the vortex distribution in such 3D spin lattice without external fields. We consider the disk sample with thickness of 50 sites, L = 49a, diameter 2R = 249a. Since we are interested in static structure, we consider the overdamped regime by choosing the Gilbert damping constant ε = 0.5. We use = 14a for detailed description of the vortex core.
The typical vortex structure obtained from simulations is presented in Fig. 1 . The inset in the centre panel shows the out-of-plane vortex shape cos θ as a function of dimensionless radius ρ/l for the case κ = 0. One can see that the Ansatz function (9) (dashed-dot line) provides a close approximation to the simulation data (solid curve).
In the presence of the surface anisotropy the vortex structure is changed in accordance to our theory described above. We perormed our simulations for different values of surface anisotropy. Here we present results for the values ES surface anisotropy with κ 1 = 0.5, κ 2 = 5 and κ 3 = 10, and one value of EN surface anisotropy κ 4 = −0.5. The smaller values of |κ| are more realistic, nevertheless the strong surface anisotropy allows to obtain the sharp effect for comparison with theory. Note that the EN surface anisotropy coefficient has to be smaller that the volume coefficient in order to provide an effective total easy-plane effective anisotropy which supports the vortex state. Symbols in the Fig. 1 are obtained by fitting the simulated vortex structure with the use of Eq. (9) .
The vortex core width of the relaxed vortex varies with the thickness coordinate. The barrel-shaped or the pillowshaped form of the vortex core depend on the surface anisotropy type. In the case of the easy-surface surface anisotropy the total anisotropy coefficient per site K +|K s | on the face surface sites is larger than inside volume ones. It results in the decreasing of the effective magnetic length
on the face surfaces. Due to the exchange coupling between lattice layers a smooth change of the eff occurs. It reaches the maximal value in the centre of the sample's axis and one observes the barrel-shaped vortex profile. The comparison of the Eq. (12) with simulations is shown on the Fig. 1 by solid lines. The equilibrium value of the reduced vortex width in the absence of the surface anisotropy is w = 1. The presence of the surface anisotropy shifts it to be thinner for the easy-surface surface anisotropy and wider for the easy-normal one. The inset shows the comparison of the vortex shape from simulations with the Ansatz (7).
Discussion
Let us discuss how the predicted effects can influence the vortex statics and dynamics in nanomagnetic particles. Typical magnetic nanodots are the samples of confined ferromagnet with weak anisotropy. The vortex configuration in such magnets can be their ground state. For example, in Permalloy disk-shaped samples the vortex state is realized if the disk diameter exceeds 50 nm [2] . The reason is that the vortex configuration favours the dipolar interaction (the stray field is absent for the pure vortex state). This can be explained by the language of effective anisotropy, induced by the dipolar interaction [9] . For thin magnets the effective spatial-dependent anisotropy contribution is localized near the edge of the particle so that magnetization will be tangent to the boundary [9] . This confirms the notion of a surface edge anisotropy.
The vortex core creates nonvanishing surface magnetostatic charges of opposite signs on the different face surfaces. Their minimization leads to a complicated vortex profile both in plane and in the axial direction [1] . When the nanodot thickness becomes comparable with a few exchange lengths, the thickness of the Bloch line appreciably varies along the thickness coordinate, see [1, 17] . This conclusion agrees with our statement about the varying width w(z) defined in Eq. (7).
In this context it is instructive to make a link with another way to describe the inhomogeneity of the vortex width proposed in Ref. [1] . The trial functions m =
2 ) was used to describe an influence of magnetostatics, where i c i = 1 and the radial component of magnetization is obtained from the condition of the absence of the total volume magnetostatic charge. The unknown coefficients b i , c i and i were calculated through minimization of the total energy. In the our surface anisotropy approach the expression for w can be obtained directly with enough accuracy.
In conclusion, the shape of the vortex in the 3D Heisenberg magnet with single-ion bulk and surface anisotropies is studied analytically and numerically. It is shown that the vortex width varies along the disk axis and its shape is dependent on the sign of the surface anisotropy coefficient. Vortex becomes barrel-shaped for the easy-surface surface anisotropy and pillow-shaped for the easy-normal one.
Taking into account surface anisotropy, the magnetization distribution naturally becomes inhomogeneous in the axial direction. In the effect of the axial dependence of the magnetization it is similar to the influence of the stray fields. The demagnetizing field in the vortex core region causes the twisting of the in-plane core magnetization and barrel-shaped vortex width along the nanodisk axis [1, 17] . For sufficiently thin samples a homogeneous magnetization distribution along thickness is usually used [18] and the polarity reversal occurs through the planar vortex formation. In the Permalloy nanodisks of thickness 50 nm is was shown numerically that it is accompanied by the Bloch points nucleation [19] . We expect that the surface anisotropy for the nanoparticles in the vortex state allows to expect the change of the polarity switching mechanism to the second one.
Let us start from the energy functional (5). Substituting the vortex solution in the form (7) one can rewrite the vortex energy in the following form . Now using the Ansatz (9) this energy can be simplified as follows 
